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ON LEAFWISE CONFORMAL DIFFEOMORPHISMS
KAMIL NIEDZIA LOMSKI
Abstract. For every diffeomorphism ϕ : M → N between 3–dimensional Riemannian
manifolds M and N there are in general locally two 2–dimensional distributions D± such
that ϕ is conformal on both of them. We state necessary and sufficient conditions for a
distribution to be one of D±. These are algebraic conditions expressed in terms of the
self-adjoint and positive definite operator (ϕ∗)
∗ϕ∗. We investigate integrability condition
of D+ and D−. We also show that it is possible to choose coordinate systems in which
leafwise conformal diffeomorphism is holomorphic on leaves.
1. Introduction
Let ϕ : M → N be a diffeomorphism between 3–dimensional Riemannian manifolds
(M, g) and (N, h). Fix x ∈ M and let (ϕ∗x)∗ : Tϕ(x)N → TxM denotes the operator
adjoint to ϕ∗x : TxM → Tϕ(x)N . Then Sx = (ϕ∗x)∗ϕ∗x is a self–adjoint and positive
definite operator. Let 0 < λ1(x) ≤ λ2(x) ≤ λ3(x) be the eigenvalues of Sx.
Preimage E(x) = ϕ−1∗x (S
2) of the unit sphere is an ellipsoid with principial semi–axes
1/
√
λi(x), i = 1, 2, 3. Therefore, if the eigenvalues λi(x), i = 1, 2, 3, are distinct there are
two 2–dimensional subspaces D+(x) and D−(x) of TxM intersecting E(x) along spheres.
Thus locally we get two smooth distributions D+ and D−. By the definition of D± we
see that ϕ is conformal on each of them (see Lemma 2.1).
In this article we describe D+ and D− and study the problem of integrability of these
distributions. We show that integrability of one of the distributions D± does not imply
integrability of the other one.
Conformality of diffeomorphisms on distributions of codimension one was studied by
S. Tanno in [8] and [9]. However, majority of results in [8] and [9] is obtained under
the assumption that a given diffeomorphism ϕ maps vectors normal to a distribution D
to vectors normal to the image ϕ∗(D). Therefore ϕ cannot have distinct eigenvalues.
Moreover, in [5] the author showed that under some assumptions on a diffeomorphisms
ϕ and the dimension of M there are no distributions of ‘small’ codimension on which ϕ
is conformal. In particular, assuming dimM > 3 there are no codimension one foliations
such that a diffoemorphism ϕ :M → N , for which S has distinct eigenvalues, is conformal
on the leaves.
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The paper is organized as follows. In section 2 we obtain preliminary results concerning
some operators defined for 1–forms. Next, we state necessary and sufficient conditions
for a diffeomorphism between 3–dimensional Riemannian manifolds to be conformal on a
given distribution, that is we obtain conditions for a distribution to be one ofD± (Theorem
3.1). Examples are given. In the following sections we focus on the integrability condition
of D+ and D− (Theorem 4.2, Propositions 5.1 and 5.2). The last part of this article
is devoted to local description of leafwise conformal diffeomorphism. We show that it
is possible to choose appropriate coordinate systems in which given leafwise conformal
diffeomorphism is holomorphic on leaves (Theorem 6.1).
2. Notations and preliminary results
Let (M, g), (N, h) be 3–dimensional oriented and connected Riemannian manifolds and
let ϕ : (M, g)→ (N, h) be a diffeomorphism. We say that ϕ is leafwise conformal if there
exists a 2–dimensional foliation F onM such that ϕ : L→ ϕ(L) is conformal for every leaf
L ∈ F . In that case we also say that ϕ is F–conformal. ϕ is locally leafwise conformal if
every point x ∈M has a neighbourhood U such that ϕ : U → ϕ(U) is leafwise conformal.
Let λ1, λ2, λ3 be the eigenvalues of the operator S = (ϕ∗)∗ϕ∗ : TM → TM and ξ1, ξ2, ξ3
be the corresponding unit eigenvectors. Assume λ1 < λ2 < λ3. Let η1, η2, η3 be the basis
dual to ξ1, ξ2, ξ3. Locally we may choose above bases to be smooth. Define
(1) ω± =
√
λ2 − λ1√
λ3 − λ1
η1 ±
√
λ3 − λ2√
λ3 − λ1
η3.
Condsider the distributions D± = kerω±. We have
Lemma 2.1. A diffeomorphism ϕ is (locally) conformal on a 2–dimensional distribution
D if and only if D = D+ or D = D− (locally). Moreover the coefficient of conformality
is λ2.
Proof. It is easy to check that ϕ is conformal onD+ andD− with coefficient of conformality
λ2. Suppose there exists a distribution D such that ϕ is conformal on D. Fix x ∈M and
consider the set E(x) = dϕ−1(x)(S2), where S2 ⊂ Tϕ(x)N is the unit sphere. Then E(x)
is an ellipsoid with principial semi–axes 1/
√
λi(x), i = 1, 2, 3. The subspaces D+(x) and
D−(x) intersect E(x) along circles and these are the only subspaces with this property, see
[3] or [5]. Thus by conformality of ϕ on D we get that D(x) = D+(x) or D(x) = D−(x).
SinceM is connected, D is smooth and D+(x) 6= D−(x) for all x ∈M , we obtain D = D+
or D = D− (locally). 
Let x ∈ M , p = 0, 1, 2, 3 and ∗ : ΛpT ∗xM → Λ3−pT ∗xM be the Hodge operator. Let
ι(ω)η = ω ∧ η for ω, η ∈ ΛpT ∗xM . For ω, η ∈ T ∗xM define (ω ⊙ η)x : T ∗xM → T ∗xM by
(ω ⊙ η)xα = 〈ω, α〉η + 〈η, α〉ω, α ∈ T ∗xM,
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where 〈·, ·〉 is the inner product in T ∗xM induced from Riemannian metric g. Moreover
for θ ∈ [0, 2pi) and ω ∈ T ∗xM , |ω| = 1, put
Rotx(θ, ω) = IdT ∗
x
M + sin θ(∗ι(ω)) + (1− cos θ)(∗ι(ω))2 : T ∗xM → T ∗xM.
Then Rotx(θ, ω) is an operator of rotation around ω of an angle θ, for details see [1]. For
simplicty we will write Rotx(ω) instead of Rotx(pi/2, ω).
Lemma 2.2. Let 0 ≤ θ, θ1, θ2 < 2pi, ω, η ∈ T ∗xM and |ω| = 1. The operator Rotx(θ, ω)
has the following properties
(1) Rotx(θ1, ω) ◦ Rotx(θ2, ω) = Rotx(θ1 + θ2 mod 2pi, ω).
(2) If 〈ω, η〉 = 0 then 〈ω,Rotx(θ, ω)η〉 = 0.
(3) If 〈ω, η〉 = 0 then 〈Rotx(ω)η, η〉 = 0 and η − Rotx(ω)η =
√
2Rotx(−pi4 , ω)η.
Proof. Easy computations left to the reader. 
The operator Sx : TxM → TxM can be considered as an operator Sx : T ∗xM → T ∗xM
by the rule (Sxη)X = η(SX), X ∈ TxM . Then S is a self–adjoint and positive definite
operator with eigenvalues λi and corresponding eigenvectors ηi, i = 1, 2, 3. Let [T1, T2] =
T1T2 − T2T1 : T ∗xM → T ∗xM be the comutator of operators T1, T2 : T ∗xM → T ∗xM . We
define
Bx(ω) = [Sx, ∗ι(ω)] : T ∗xM → T ∗xM,(2)
Ax(ω) = [Sx,Rotx(ω)] : T
∗
xM → T ∗xM.(3)
We have a technical result
Lemma 2.3. Let ω ∈ T ∗xM . Then there exist η, σ ∈ T ∗xM such that ω, η, σ are orthogonal
and
(4) Sxη =
1
|η|2η + 〈Sxω, η〉ω, Sxσ =
1
|σ|2σ + 〈Sxω, σ〉ω.
Proof. Let ω =
∑
i aiηi. If ω = ηi for some i = 1, 2, 3, then it sufficies to put η =
(1/ 3
√
λj)ηj and σ = (1/
3
√
λk)ηk, where (i, j, k) is a permutation of the set {1, 2, 3}.
Suppose now ω 6= ηi for all i = 1, 2, 3. Let C > 0 be such that
∑
i a
2
i /(λi − C) = 0
and put η =
∑
i(ai/(λi − C))ηi. Then 〈ω, η〉 = 0 and Sxη = Cη + ω. It sufficies
to multiply η by 1/
√
C|η|. Let σ = Rotx(ω)η. By Lemma 2.2 ω, η, σ are orthogonal.
Moreover, 〈Sxσ, η〉 = 0 and 〈Sxσ, σ〉 > 0, thus multiplying σ by an appropriate factor we
get Sxσ =
1
|σ|2σ + 〈Sω, σ〉ω. 
3. Conformality on distribution
Let (M, g), (N, h) be 3–dimensional oriented and connected Riemannian manifolds and
let ϕ : (M, g) → (N, h) be a diffeomorphism. Consider notations from the previous
section.
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Theorem 3.1. Let D = kerω be a 2–dimensional distribution on an open subset U ⊂M ,
where ω is a unit 1–form on U . Assume the operator S has distinct eigenvalues λ1 < λ2 <
λ3 and the corresponding unit eigenvectors η1, η2, η2 are smooth on U . Then the following
conditions are equivalent
(1) ϕ is conformal on D,
(2) B(ω) = µ(ω ⊙ η2) for some smooth and nowhere vanishing function µ on U ,
(3) A(ω)3 = 0.
Moreover, if (2) holds then µ is equal to
(5) µ =
√
λ2 − λ1
√
λ3 − λ2 or µ = −
√
λ2 − λ1
√
λ3 − λ2.
Proof. (1)⇒ (2) The 1–form ω is given by (1) with sign + or − in place of ±. Therefore
with respect to the basis {η1, η2, η3} the operator ∗ι(ω) is represented by the matrix
∗ι(ω) =


0 ±
√
λ3−λ2√
λ3−λ1 0
∓
√
λ3−λ2√
λ3−λ1 0 −
√
λ2−λ1√
λ3−λ1
0
√
λ2−λ1√
λ3−λ1 0

 .
Since S is represented by a diagonal matrix diag(λ1, λ2, λ3) easy computations lead to
equality B(ω) = µ(ω ⊙ η2), where µ = ±
√
λ3 − λ2
√
λ2 − λ1.
(2)⇒ (3) Since for any two 1–forms α, β we have Tr(α⊙ β) = 2〈α, β〉 then
0 = TrB(ω) = µTr(ω ⊙ η2) = 2µ〈ω, η2〉.
Thus ω and η2 are orthonormal. Let σ be a 1–form such that {ω, η2, σ} is an oriented
orthonormal basis. Then with respect to this basis B(ω) and ∗ι(ω) are represented by
matrices
B(ω) = µ


0 1 0
1 0 0
0 0 0

 , ∗ι(ω) =


0 0 0
0 0 −1
0 1 0

 .
Since A(ω) = B(ω) + (∗ι(ω))B(ω) +B(ω)(∗ι(ω)), we have
A(ω) = µ


0 1 −1
1 0 0
1 0 0

 ,
thus A(ω)3 = 0.
(3)⇒ (1) Suppose ϕ is not conformal on D = kerω. Then ϕ is not conformal on D(x)
at some point x ∈M . Consider a set L = ϕ−1∗ (S2) ∩D(x), where S2 ⊂ Tϕ(x)N is the unit
sphere. Then L is an ellipse but not a circle. Let η and σ be as in Lemma 2.3. Then
Rot(ω)η = a1σ and Rot(ω)σ = a2η where a1a2 = −1. Put C = 1/|η|2 − 1/|σ|2. Then by
(4)
A(ω)η = a1Cσ + e1ω, A(ω)σ = a2Cη + e2ω,
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where
e1 = 〈Sω, a1η − σ〉, e2 = 〈Sω,−a2η − σ〉.
We have Sω = Const · ω + ω0, where 〈ω, ω0〉 = 0. Put τ = Rot(−pi/4, ω)ω0. Then by
Lemma 2.2 〈ω, τ〉 = 0. Hence, τ = bηη + bσσ for some bη, bσ. Moreover, Rot(ω)τ =
bηa1σ − bσa2η. Hence bσe1 + bηe2 = 0. Therefore
A(ω)τ = C(bηa1σ + bσa2η).
By Lemma 2.2 A(ω)ω =
√
2τ . Hence by assumption A(ω)3 = 0 we have
0 = A(ω)3ω = A(ω)2τ = −C2τ + C(bηa1e2 + bσa2e1)ω.
Since S has distinct eigenvalues, then ω0 6= 0 and τ 6= 0. Thus by linear indepedance of
τ and ω we have C = 0. Therefore |η| = |σ|. Since 〈Sη, η〉 = 〈Sσ, σ〉 = 1 it follows that
L is a circle. Contradiction. 
Example 3.2. Let U = {x = (x1, x2, x3) ∈ R3 : cos(x2 + x3) 6= 0}. Define a map
ϕ : U → R3 between Euclidean spaces in the following way
ϕ(x) = (− cos x2 +
√
2 sin x3, sin x2 −
√
2 cos x3,
√
2x1 + x2), x = (x1, x2, x3).
Then
S(x) =


2
√
2 0√
2 2
√
2 sin(x2 + x3)
0
√
2 sin(x2 + x3) 2


and detS(x) = 4 cos2(x2 + x3). Therefore ϕ is a diffeomorphism on U . Moreover the
eigenvalues of S are
2−
√
2 + 2 sin2(x2 + x3), 2, 2 +
√
2 + 2 sin2(x2 + x3).
Thus S(x) has distinct eigenvalues for every x ∈ U . Put
ω+ = dx2, ω− =
√
2√
2 + 2 sin2(x2 + x3)
dx1 +
√
2 sin(x2 + x3)√
2 + 2 sin2(x2 + x3)
dx3.
Then A(ω+) equals to

0 −√2(sin(x2 + x3)− 1) 0
−√2(sin(x2 + x3) + 1) 0 −
√
2(sin(x2 + x3)− 1)
0
√
2(sin(x2 + x3) + 1) 0


and A(ω−) to

4 sin(x2+x3)√
2+2 sin2(x2+x3)
−√2 −2 cos2(x2+x3)√
2+2 sin2(x2+x3)√
2 0
√
2 sin(x2 + x3)
−2 cos2(x2+x3)√
2+2 sin2(x2+x3)
−√2 sin(x2 + x3) −4 sin(x2+x3)√
2+2 sin2(x2+x3)

 .
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Therefore A(ω+)
3 = A(ω−)3 = 0. Thus ϕ is conformal on distributions D+ = kerω+ and
D− = kerω−.
4. Integrability condition in terms of an orthonormal moving frame
Let (M, g) be a 3–dimensional oriented Riemannian manifold. Let e1, e2, e3 be a local
orthonormal basis on the open subset U of M and ω1, ω2, ω3 the dual basis of 1–forms.
Let (N, h) be another 3–dimensional oriented Riemannian manifold and ϕ :M → N be a
diffeomorphism. Let D = kerω be a two dimensional distribution on U , where ω is a unit
1–form on M . Suppose S = (ϕ∗)∗ϕ∗ has distinct eigenvalues. Let µ be a smooth nowhere
vanishing function on U . Let λ be the middle eigenvalue of S and η2 the unit eivenvector
corresponding to λ. Let
ω =
∑
i
αiωi, η2 =
∑
i
βiωi, Sωi =
∑
j
aijωj .
Then the operators ω ⊙ η2 and ∗ι(ω), defined in the first section, are represented by
matrices
ω ⊙ η2 =


2α1β1 α1β2 + α2β1 α1β3 + α3β1
α1β2 + α2β1 2α2β2 α2β3 + α3β2
α1β3 + α3β1 α2β3 + α3β2 2α3β3

 ,(6)
∗ι(ω) =


0 −α3 α2
α3 0 −α1
−α2 α1 0

 .(7)
Put
U1 = {x ∈ U : (a23(x)− µ(x)β1(x))2 + (a13(x) + µ(x)β2(x))2 > 0},
U2 = {x ∈ U : (a23(x) + µ(x)β1(x))2 + (a12(x)− µ(x)β3(x))2 > 0},(8)
U3 = {x ∈ U : (a12(x) + µ(x)β3(x))2 + (a13(x)− µ(x)β2(x))2 > 0}.
Then U1 ∪ U2 ∪ U3 = U .
For two 1–forms σ and τ we write σ ≡ τ if there is nowhere vanishing smooth function
f such that σ = fτ . We have
Lemma 4.1. If a diffeomorphism ϕ is conformal on a distribution D, then
ω ≡ (a13 + µβ2)ω1 + (a23 − µβ1)ω2 + (a33 − λ)ω3 on U1,
ω ≡ (a12 − µβ3)ω1 + (a22 − λ)ω2 + (a23 + µβ1)ω3 on U2,
ω ≡ (a11 − λ)ω1 + (a12 + µβ3)ω2 + (a13 − µβ2)ω3 on U3.
Proof. Proof is elementary but requires a lot of calculations. Details are left to the reader.
By Theorem 3.1 ϕ is conformal on D if and only if
(9) B(ω) = µ(ω ⊙ η2).
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Moreover,
(10) Sη2 = λη2.
Thus, using (6) and (7), we get
(a23 − µβ1)α1 = (a13 + µβ2)α2,
(a23 + µβ1)α1 = (a12 − µβ3)α3,
(a12 + µβ3)α3 = (a13 − µβ2)α2.
Hence
α1 = C(a13 + µβ2), α2 = C(a23 − µβ1) on U1,(11)
α1 = C
′(a12 − µβ3), α3 = C ′(a23 + µβ1) on U2,(12)
α2 = C
′′(a12 + µβ3), α3 = C ′′(a13 − µβ2) on U3,(13)
for some C,C ′ and C ′′. By (9) one can see that C,C ′ and C ′′ are nowhere vanishing.
Consider condition (11). Since 〈ω, η2〉 = 0,
Ca13β1 + Ca23β2 + α3β3 = 0
Moreover, by (10)
Ca13β1 + Ca23β2 + C(a33 − λ)β3 = 0.
Hence
β3 = 0 or α3 = C(a33 − λ).
Assuming β3 = 0 and α3 6= C(a33− λ) and using (9) and (10), after some calculations we
get a contradiction. Finally
α1 = C(a13 + µβ2), α2 = C(a23 − µβ1), α3 = C(a33 − λ) on U1.
Analogously we consider conditions (12) and (13). 
Let
daij =
∑
k
akijωk, dµ =
∑
k
µkωk, dβi =
∑
k
βikωk, dλ =
∑
k
γkωk
Let [ej , ek] =
∑
iC
i
jkei. Then
dωi = −
∑
j<k
C ijkωj ∧ ωk.
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Therefore by Lemma 4.1 integrability condition dω∧ω = 0 is on U1, U2 and U3 respectively
0 =
(
− a213 + a123 − β1µ1 − β2µ2 − µβ11 − µβ22
− (a13 + µβ2)C112 − (a23 − µβ1)C212 − (a33 − λ)C312
)
(a33 − λ)
−
(
− a313 + a133 − β2µ3 − µβ23 − γ1
− (a13 + µβ2)C113 − (a23 − µβ1)C213 − (a33 − λ)C313
)
(a23 − µβ1)
+
(
− a323 + a233 + β1µ3 + µβ13 − γ2
− (a13 + µβ2)C123 − (a23 − µβ1)C223 − (a33 − λ)C323
)
(a13 + µβ2),
(14)
0 =
(
− a212 + a122 + β3µ2 + µβ32 − γ1
− (a12 − µβ3)C112 − (a22 − λ)C212 − (a23 + µβ1)C312
)
(a23 + µβ1)
−
(
− a312 + a123 + β3µ3 + β1µ1 + µβ33 + µβ11
− (a12 − µβ3)C113 − (a22 − λ)C213 − (a23 + µβ1)C313
)
(a22 − λ)
+
(
− a322 + a223 + β1µ2 + µβ12 + γ3
− (a12 − µβ3)C123 − (a22 − λ)C223 − (a23 + µβ1)C323
)
(a12 − µβ1),
(15)
0 =
(
− a211 + a112 + β3µ1 + µβ31 + γ2
− (a11 − λ)C112 − (a12 + µβ3)C212 − (a13 − µβ2)C312
)
(a13 − µβ2)
−
(
− a311 + a113 − β2µ1 − µβ21 + γ3
− (a11 − λ)C113 − (a12 + µβ3)C213 − (a13 − µβ2)C313
)
(a12 + µβ3)
+
(
− a312 + a213 − β2µ2 − β3µ3 − µβ22 − µβ33
− (a11 − λ)C112 − (a23 + µβ3)C223 − (a13 − µβ2)C323
)
(a11 − λ).
(16)
Thus above considerations and Theorem 3.1 imply
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Theorem 4.2. Let ϕ : M → N be a diffeomorphism between 3–dimensional oriented
Riemannian manifolds. Suppose S = (ϕ∗)∗ϕ∗ has distinct eigenvalues λ1 < λ2 < λ3. Let
ξ2 be the unit eigenvector corresponding to λ2 and let η2 be a 1–form dual to ξ2. If ϕ
is leafwise conformal on an open subset U of M then conditions (14)–(16) hold, where
U1, U2, U3 are defined by (8) and µ is given by (5) with the sign + or − instead of ±.
5. Some necessary and sufficient conditions of integrability
Let ϕ : M → N be a diffeomorphism between Riemannian manifolds. Let λ1, λ2, λ3
be the eigenvalues of the operator S = (ϕ∗)∗ϕ∗ : TM → TM and ξ1, ξ2, ξ3 be the cor-
responding unit eigenvectors. Assume λ1 < λ2 < λ3. Let η1, η2, η3 be the basis dual to
ξ1, ξ2, ξ3. Assume ξi and ηi are globally smooth. Consider 1–forms ω± given by (1) and
put D± = kerω±. Then by Lemma 2.1 ϕ is conformal on the distributions D±. We study
the integrability condition ω± ∧ dω± = 0. After simple calculations we get
(17) η1 ∧ dη1 + χ2η3 ∧ dη3 = ±d(χη1 ∧ η3),
where
χ =
√
λ3 − λ2√
λ2 − λ1
.
Therefore we have
Proposition 5.1. If D± are both integrable, then η1 ∧ dη1 + χ2η3 ∧ dη3 = 0 and 2–form
χη1 ∧ η3 is closed.
Write η1 and η3 in terms of ω±,
η1 =
1
2
√
λ3 − λ1√
λ2 − λ1
(ω+ + ω−), η3 =
1
2
√
λ3 − λ1√
λ3 − λ2
(ω+ − ω−).
Then
(18) χη1 ∧ η3 = −1
2
(1 + χ2)ω+ ∧ ω−,
Proposition 5.2. Assume M is orientable and closed. Suppose ηi, χ, D± are smooth
and globally defined on M . If both D± are integrable then∫
M
ξ2(logχ)vol = 0,
where vol is the volume element on M .
Proof. By Proposition 5.1, d(χη1 ∧ η3) = 0. Hence
1
χ
(ξ2χ)η1 ∧ η2 ∧ η3 = d(η1 ∧ η3)

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Example 5.3. Consider a diffeomorphism ϕ : R3 → R3 such that S is diagonal in the
canonical basis e1, e2, e3, S = diag(λ1, λ2, λ3). Assume λ1 < λ2 < λ3. Then ηi = dxi,
i = 1, 2, 3. Therefore, the integrability condition reduces to
∂χ
∂x2
= 0,
which we can write in the form
(λ2 − λ1)(∂λ3
∂x2
− ∂λ2
∂x2
) = (λ3 − λ2)(∂λ2
∂x2
− ∂λ1
∂x2
).
Since λi =
∑
j(∂φj/∂xi)
2 we obtain
∑
j
((
∂φj
∂x2
)2 − (∂φj
∂x1
)2)
∑
k
(
∂φj
∂x3
∂2φj
∂x3∂x2
− ∂φj
∂x2
∂2φj
∂x22
) =
∑
k
(
∂φj
∂x2
∂2φj
∂x22
− ∂φj
∂x3
∂2φj
∂x1∂x2
)
∑
j
((
∂φj
∂x3
)2 − (∂φj
∂x1
)2).
Example 5.4. Consider a local diffeomorphism from Example 3.2. Then χ = 1 and by
(18) we have
χη1 ∧ η3 =
√
2√
2 + 2 sin2(x2 + x3)
dx1 ∧ dx2 −
√
2 sin(x2 + x3)√
2 + 2 sin2(x2 + x3)
dx2 ∧ dx3.
Thus the above form is not closed. By Proposition 5.1 one of the distributions D± is not
integrable. Since D+ is obviously integrable, we get that D− is not integrable.
6. Local leafwise holomorphicity
A coordinate system ψ on an n–dimensional Riemannian manifold (M, g) is called
foliated conformal chart if the map z 7→ ψ−1(z, q), z ∈ R2, q ∈ Rn−2, is conformal for all
q.
The aim of this section is to prove the following result.
Theorem 6.1. A map ϕ :M → N between Riemannian manifolds is locally leafwise con-
formal if for every x ∈M there are foliated conformal charts ψ and ψ˜ in neighbourhoods
of x and ϕ(x) respectively, such that
ψ˜ ◦ ϕ ◦ ψ−1(z, q) = (h(z, q), q),
where for every q ∈ Rn−2 the map R2 ∋ z 7→ h(z, q) ∈ R2 is holomorphic.
Let us first review some facts about the Beltrami equation and isothermal coordinates.
Assume all considered functions are smooth. By the Beltrami equation we mean the
equation
∂w
∂z¯
= µ
∂w
∂z
,
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where µ, w : C→ C. If |µ| < k < 1 for some k, then the Beltrami equation has a unique
smooth solution wµ which leaves 0, 1 and ∞ fixed. Moreover wµ has positive Jacobian,
see [2]. We have also smooth dependence of solutions of the Beltrami equation [4].
Theorem 6.2 (Riemann’s mapping theorem for variable metric). For each positive k < 1
the map µ 7→ wµ is a homeomorphism of the set {µ ∈ C∞(C,C) : sup |µ| < k} onto its
image in C∞(C,C). In particular, the map
w : C× T ∋ (z, t) 7→ (wµt(z), t) ∈ C× T
is a diffeomorphism, where T is open subset of Rq, µt(z) = µ(z, t).
In Theorem 6.2, C∞(C,C) is a Frechet space of all smooth functions f : C → C with
C∞ topology.
Consider R2 = C with a Riemannian metric g = Edx2+2Fdxdy+Gdy2, where E > 0,
EG − F 2 > 0. A coordinate system w = (u, v) is called isothermal if there is a positive
function λ such that
g = λ(du2 + dv2).
Put
(19) µ =
E −G+ 2iF
E +G+ 2
√
EG− F 2 .
Take a closed ball K ⊂ C. Since |µ| < 1, supK |µ| < k0 < 1 for some k0. Extend
µ smoothly to the whole plane in such a way that sup |µ| < k < 1 for some k. Then
w = wµ|intK is an isotermal coordinate system for g, see [7]. For a foliation by planes
Lt = C × {t}, t ∈ T , with a Riemannian metric g, on each leaf Lt we have g|Lt×Lt =
Etdx
2 + 2Ftdxdy + Gtdy
2. Therefore, in the same way as before, by Theorem 6.2 for µt
defined by (19), there is a coordinate system wt(z) = w(z, t) such that wt : Lt → Lt is
isothermal for every t. We say that w is a foliated isothermal coordinate system.
Proof of Theorem 6.1. Let ϕ :M → N be an F–conformal diffeomorphism, (M, gM) and
(N, gN) Riemannian manifolds, F a 2–dimensional foliation on M . Fix x ∈ M and put
y = ϕ(x). Let χ be a foliated map in a neighbourhood of x and let ρ = χ ◦ ϕ−1. Then
ρ ◦ ϕ ◦ χ−1 is the identity map on the foliation
F0 = χ(F) = {U × {t}}t∈T ,
where U is an open subset of C and T open subset of RcodimF . Obviously, id = ρ ◦ϕ ◦χ−1
is a F0–conformal map with respect to Riemannian metrics (χ−1)∗gM and (ρ−1)∗gN . Let
wM and wN be foliated isothermal coordinate systems on U , shrinking U if necessary, for
(χ−1)∗gM and (ρ−1)∗gN respectively. Then
h = wN ◦ ρ ◦ ϕ ◦ χ−1 ◦ w−1M = wN ◦ w−1M
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is a F0–conformal diffeomorphism with respect to Riemannain metrics (χ−1 ◦ w−1M )∗gM
and (ρ−1 ◦ w−1N )∗gN , which on leaves of F0 are conformal with Euclidean metric. Thus
h is F0–conformal with respect to Euclidean metric. Therefore, maps h : Lt → Lt,
Lt = U × {t}, t ∈ T , are all holomorphic or all antiholomorphic. If h : Lt → Lt, t ∈ T ,
are antiholomorphic, we replace h by
h˜ = τ ◦ h,
where τ(z, t) = (z¯, t). Then ψ = wM ◦ χ and ψ˜ = wN ◦ ρ are desired. 
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